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Abstract: The results of basic dynamic elements research of filters with time-varying parameters which are low-pass filters, 

high-pass filters, and band-stop filters are presented. With the use of those elements more complex nonstationary structures were 

created. This provided the capability of forming spectral characteristics. Examples of filtration presented in this paper showed the 

reduction of transient state. Presented study assumes, that it is possible to create complex structures with required spectral 

properties. 
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1. Introduction 

Presented study assumes that the dynamic, nonstationary 

high-pass and low-pass first order elements are basic 

structures. Inertial element was modified with gain function 

�(�)  and time constant function �(�)  [6, 11]. To the 

high-pass element, which is an derivative real term, functions 

varying the gain and time in such way as it is changed in 

inertial element, at the same time leaving the derivative time 

constant were implemented. The values of time-varying 

parameters are settling with time approaching to infinity. After 

terminating the transient state with demanded accuracy it 

provides required spectral characteristic [1, 7, 10, 11].  

The fact, that the time-varying parameters settle their values 

in time is important in term of stationarity of filters output 

signals. Then, it is possible to determine their frequency 

characteristics and establishing whether all assumptions are 

fulfilled. In the dynamic systems described by the differential 

equations, nonstationarity is a feature of transients states. It 

can be significantly shorter in nonstationary filters with 

time-varying parameters than in the structures with 

time-invariant parameters. 

During previous studies on series-parallel structures the 

analysis of the stability of the time-varying parameters was 

conducted. It can be stated, that the process of settling 

parameters values over time is a strong factor stabilizing 

individual elements of the filter. Combining serial and parallel 

stable elements in one structure without any feedback allows 

to keep stability of the newly created structure. Stability tests 

conducted using Lyapunov's second method showed, that only 

fast, periodic changes of the filter parameters may result in 

instability. In analyzed filters such phenomenon does not 

occur. 

For that reason, those basic dynamic nonstationary 

elements are worth to be examined and analyzed. 

2. Low Pass Elements with Time-Varying 

Parameters 

The simplest dynamic low-pass element with time-varying 

parameters is a structure described by the following 

differential equation: 

�� ∙ �	

�(�) ∙

�(�)

��
+ �(�) = �� ∙ ��(�) ∙ �(�),     (1) 

for which we obtain easier implementation of the entire 

system. 

Functions  �	

�(�)  and ��(�)  are described by 

dependencies  

��(�) = ��(�) ∙ [�� − (�� − 1) ∙ ℎ�(�)])       (2) 

�	

�(�) = �	


�(�) ∙ [�	 − (�	 − 1) ∙ ℎ	(�)],     (3) 
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where: ℎ�(�) and ℎ	(�) are step responses of second order 

elements with constant parameters. 

Functions  f�

-�
�t�  and �����  by varying the filter 

parameters allow to create gain function ���� � �� · ����� 

and time constant function �
���� � ��

� · �	


����,
 
where 

�	 �
	 !�"�

	 !���
 and �� �

��"�

����
 are the multiplicity of their value 

change. Gain function and time constant function must 

achieve the values specified in the spectrum assumptions in 

time not longer than the duration of the transient state. It can 

be assured if element generating varying function has 

damping factor value between 0,7% & ' & 1. 

Because of the fact that each time at the beginning of 

filtration it is necessary to generate functions varying 

parameters, it was decided to use the step characteristics of 

second order oscillatory model with parameters k, β, ω0 for 

this purpose. In spite of relatively simple implementation, it 

has a great capability of shaping desired functions. 

Series connection of first order elements creates a filter, 

which order depends on number of elements. At this point the 

question arises: Could it be possible to unify all of the 

functions to one form and generate only one function without 

any significant properties deterioration in relation to optimal 

filters? The first results related to this topic were published in 

paper [6, 8]. Adopting these assumptions will reduce 

complexity of the structure without deteriorating properties in 

the time domain. That kind of filter, which is a connection of 

elements with the same time-varying functions, is described 

by following set of equations: 

�� · �
���� ·
������

��
� ����� � �� · ���� · ����  

�� · �
���� ·
�)���

��
� �*��� � �� · ���� · �����    (4) 

+ 

�� · �
���� ·
��,���

��
� �,��� � �� · ���� · �,
����. 

The conducted study confirmed a very good properties of 

filters with the same variation of parameters. Examples of 

settling times with the input signal for step response and 

sinusoidal signal with admissible value α = 0,05 limiting the 

amplitudes of the frequency response are presented in Fig.1. 

One can easily notice, that shortening the transient state of 

step response extends time of sinusoid attenuation and 

conversely. Furthermore, a solution can be found, where time 

of sinusoid attenuation and settling time for step input are 

equal. Fig.1 shows exact points of percolating planes 

presenting both settling times. 

Fig.2 shows an example of random signal subjected to 

filtration. Fig.3 presents an example filtration of the random 

signal with the use of first order filter with constant and 

variable parameters. Fig.4 depicts filtration with the use of 

two first order filters connected in series (forming a second 

order filter). 

 

Figure 1. Examples of settling times for step response and sinusoidal signal 

for the first order filter (α = 5%, d=3,T=20). 

 

Figure 2. Random input signal. 

 

Figure 3. Random signal filtration by first order filter. 

One can easily notice that with such selected parameters a 

single filter quite badly suppresses components with the 
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lowest frequencies included in the filtered signal. Adding 

second equal element (Fig.4) provides an opportunity of better 

averaging the input signal. Simultaneously it can be seen, that 

filters with variable parameters have much shorter transient 

states compared to filters with constant parameters [3, 4]. 

Varying all parameters in all elements with one function 

allows to avoid making any mistakes related to elements 

connection order varied by different functions (in systems 

with time-varying parameters chain connection order has 

great importance in the duration of the transient state). 

 

Figure 4. Random signal filtration by second order filter. 

3. High Pass Element with Time-Varying 

Parameters 

High-pass single element with time-varying parameters is 

described by the following equations:  

�-.·�	

���� ·

����

��
� ���� � �� · ����� · ����      (5) 

/��� � �- ·
����

��
,                  (6) 

where: z(t) – high-pass element output signal, Tg – 

differentiation time. 

Settling time of high-pass elements with time-varying 

parameters are not longer than the settling time of low-pass 

elements, from which they are built. The conclusion drawn 

from set of equations (3) is that the signal z(t) at the output of 

high-pass element is proportional to the derivative of the 

signal y(t) at the low-pass output of the same element with 

varying parameters. It can be assumed that the duration of the 

transient state depends of the lower limit of the high-pass band 

and can be phrased by the multiplicity of cutoff frequency 

period of the passband. Single high-pass elements with 

varying parameters can be a part of more complex structures. 

That would allow to create non-standard spectral 

characteristics of filters. 

4. Band Stop Element with Time-Varying 

Parameters 

Parallel connection of low-pass and high-pass elements 

depending on values of parameters can give diverse frequency 

characteristics. It can become phase shift corrector, band 

amplifying element or band-stop filter. This includes elements 

with time-invariant and time-varying parameters. Band-stop 

filter is obtained when low-pass element has lower limit 

frequency of the passband than the high-pass element. 

Elements with variable parameters provide a number of 

possibilities to accelerate the filtration. 

Parallel connection of the low-pass and high-pass elements 

allows to obtain a signal, which is the sum of signals after 

low-pass and high-pass filtering 

0��� � ����� � /���.              (7) 

Fig.5 presents signal filtration, which is a sum of constant 

component and sinusoid with stopband range frequency. 

 

Figure 5. Signal filtration by band-stop filter. 

 

Figure 6. Random input signal. 
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Figure 7. Filtration by filter with time-invariant parameters. 

 

Figure 8. Filtration by filter with time-varying parameters. 

As one can notice, the filter with time-varying parameters is 

characterized by much shorter transient state than the 

time-invariant filter. Based on the sample filtration of signal, 

which contains constant component, dominant sinusoid (e.g. 

derived from resonance phenomenon) and random noise, one 

can observe how the filtration with constant and varying 

parameters proceeds. 

Fig.6 shows a signal subjected to filtration. Fig.7 presents 

filtration of that signal by using band-stop filter with fixed 

parameters. Fig.8 depicts filtration by filter with time-varying 

parameters. Presented structure of filter is different from the 

notch type of structure, which is initially based on second order 

element, in which a zero amplitude for a single frequency can 

be reached. However, it is covered with a great oscillation - the 

greater, the bigger quality factor is. In the following examples it 

is clear, that filter manages to suppress the sinusoid component 

and the transmission of other components. 

Connecting in series similar pairs of elements creates a 

parallel-serial structure. It allows to obtain the frequency 

characteristics with more narrow slopes as shown in Fig.9. 

 

Figure 9. The amplitude characteristics of series connected filters. 

Presented basic elements with time-varying parameters 

can be arranged in more complex structures. Each of 

low-pass element contains in its structure a high-pass output. 

One of the main disadvantage of those simplest elements 

with constant parameters are very long transient states. By 

introducing the time-varying parameters to those structures, 

the transient states can be reduced. They are characterized 

by very good properties in the time domain. Spectral 

characteristics can be improved and arbitrarily formed 

through the expansion of the structure. For example, the 

combination of two or more band-stop components with 

different values of stopband range frequency can be used in 

filtering signals with many resonant frequencies generated in 

circuits. Parallel-series structures in order to achieve 

non-standard spectral characteristics while maintaining good 

dynamic properties of these structures can be created. By 

using single nonstationary elements one can create structures 

providing even more demanding frequency characteristics. 

At the same time they do not suffer from many drawbacks, 

which filters with constant parameters are characterized with. 

Created structures shown in Fig.10 (or similar), that have a 

layered or any other parallel-series structure can be subjected 

to learn required properties. 

 

Figure 10. Example of parallel-series structure. 
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5. Conclusions 

Conducted study has shown, that the same functions 

varying different parameters of the time-varying structures 

may significantly simplify the whole design and can provide 

reduced transient state time. Such simplification of the 

individual elements allows to combine many of them, creating 

expanded filter structures with unique spectral characteristics. 

Presented examples of filtration provide a comparison of 

efficiency between time varying and time-invariant filters 

with the same spectral properties. Creating a parallel-serial 

structure gives a possibility to form various frequency 

characteristics. Obtained structures are characterized by very 

high stability resulting from the simplest basic elements and 

the lack of feedback inside the whole system structure. 
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